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Exact Solution of a Test Particle in Presence
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We have obtained the exact solution of the equations of motion of a test particle near
a thick domain walls. From the solution it has been shown that the domain walls have
repulsive gravitational fields.
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1. INTRODUCTION

Properties of domain wall have been object of intense investigation for differ-
ent reasons. One is that domains walls are objects formed in the early stages of the
evolution of the universe (Kibble, 1976) and have been studied intensively in the
past decade or so, this is due to their implications to cosmology (Vilenkin, 1994,
1985). Other reason is that the study of topological defects has wide applicability
in many areas of physics. In the cosmological area, defects have been put forward
as a possible mechanism for structure formation (Vilenkin and Shellard, 1994).
Domain walls are considered the most simple to study in the field of topolog-
ical defects. They correspond to solutions in one-to-one dimensions, which are
extended in two spatial directions to form a wall structure. This is because they
depend on only the distance from the wall. The thick domain walls are solutions
to Einstein’s gravity theory interaction with a scalar field, where the scalar field is
a standard topological kink interpolating between the minima of a potential with
spontaneously broken symmetry.

Domain walls are formed whenever a discrete symmetry is broken. For ex-
ample in the Higg’s scalar field � with an effective energy potential V (�, T ).

Given by

V (�, T) = −µ2 �2
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where λ is the coupling constant, T the temperature of the universe, and µ a real
constant (Linde, 1979). We can determine the equilibrium values of � from

dV (�, T )

d�
= λ�

[
�2 − T c2 − T 2

4

]
= 0,

where

Tc = 2µ√
λ

.

If T > Tc, symmetry is resorted, since V (,�, T ) has only one minimum. Therefore
the universe becomes colder, when T becomes cooler than Tc, then the Higges
scalar field � acquires two other non–zero exception values which implies that
we have two regions 〈�〉+ and 〈�〉−. If one goes from 〈�〉+ to 〈�〉−, one should
pass through the unstable region 〈�〉 = 0. Therefore, in between the regions there
exist an energy layer with a surface energy density σ . This layer is called domain
wall.

Many authors (Goets, 1990; Mukherjee, 1993) have discussed non-static
solutions of the Einstein scalar field equations for thick domain wall. In these
solutions the energy scalar is independent of time while the metric tensor depend
on both space and time. Recently, Wang (1994) obtained a class of solutions to the
Einstein’s equations representing the gravitational collapse of a thick domain wall.
We can consider the domain wall as an interesting gravitational object. Its metric
is not static but time dependent (Widrow, 1989; Hill et al., 1989), having a de
sitter-like expansion in the plane of the wall. Observers experience repulsion from
the domain wall, and there is a horizon at finite proper distance from the defect’s
core. This horizon can be interpreted as a facet of the choice of coordinates, which
usually use the flat space wall solution as a starting point, and impose planer
symmetry on the domain wall space-time. However in ref. (Ipser and Sikivie,
1984; Gibbons, 1993) they have use different set of coordinates such that the wall
has the appearance of a bubble which counteracts in from infinite radius to some
minimum radius, and then re-expand undergoing uniform acceleration from the
origin. The horizon is then simple the light core of the origin in these coordinates,
and is somewhat similar to the horizon of rindle space-time.

In this paper we have obtained the exact solution of the geodesies equation
of motion of a test particle in the presence of a thick domain wall. The solution
implies that the domain wall have repulsive gravitational field.

2. FORMULATION AND CALCULATIONS

Let us consider the general metric for a plane symmetric space-time as follow

ds2 = ev(x,t)dt2 − eλ(x,t)dz2 − eψ(z,t)(dx2 + dy2). (1)
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This metric have three killing vectors namely

δx, δy, xδy − yδx. (2)

Assume that the scalar field � a function of z only. Then the components of
the energy momentum tensor

Tµv = ∂2�

∂µ∂v

− gµv

(
1

2
∂α�∂α� − V (�)

)
(3)

is given by,

T t
t = T x

x = T y
y = 1

2
ēλ�

2 + v(�) = ρ

T z
z = −1

2
ēλ�

2 + V (�) = −ρ. (4)

Where the scalar field equation becomes

�′′ + �′
(


̇ ′ + 1

2
(v′ − λ′)

)
= eλ dV (�)

d�
. (5)

Where prime and “dot” denote derivatives with respect to z and t respectively.
Since �̇ = 0, then it implies

λ = λ(z), ∂t

(

 ′ + 1

2
(v′ − λ′)

)
= 0. (6)

And

Gz
t = 0 ⇒ 2
̇ ′ − v′
̇ + 
̇
 ′ = 0. (7)

This puts the line element (1) in the form

ds2 = A(z)[dt2 − dz2 − b(t)(dx2 + dy2)]. (8)

From the remaining three Einstein equations we can determine the functions
A(z), b(t), and �(z) namely

Gt
t − Gx

x = 0 ⇒ b̈b − ḃ2 = 0. (9)

Gx
x − Gz

z = −A′′

A2
+ 3

2

A′2

A3
− C2

2A
= 8πG

1

A
�′2. (10)

Gt
t + Gz

z = −A′′

A2
+ C2

A
= 16πGV (�), (11)

where C is the integration constant.
Solution of Eq. (9) is

b = ect . (12)
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From equation’s (10) and (11) we can determine A(z) and �(z) for a given
V (�) see ref. (Goets, 1990).

To obtain the equations of motion we will solve equation’s (10) and (11).
After some mathematical manipulations, equations (10) and (11) reduces to, ref.
(Ipser and Sikivie, 1984),

ü + 2

3

u̇2

u
− b2

3
u− 5

3 = 0, (13)

where u = bz + 1.
The above Eq. (13) represents the equation of motion of a test particle near

a thick domain wall. The exact solution of Eq. (13) is obtained which is giving by

u̇ = bu−2/3
√

u2/3 + c. (14)

Integrating Eq. (14) we obtain

Co + 8b

3
t = [

2u − 3cu1/3] √
u2/3 + c + 3c2 ln

[
u1/3 +

√
u2/3 + c

]
(15)

where c and Co are integration constants.
Let us now choose our initial conditions as follows:

At t = 0, u = u0 and u̇ = v0. (16)

Where u represents position. Imposing Eqs. (16) into Eqs. (14) and (15) we obtain

C0 = v0u
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0
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o
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ou
2/3
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]
.

The figure below (horizontal axis = z and vertical axis = t) represents the path of
a test particle near a thick domain wall for the values (v0 = 0.6 and u0 = 10). If
we release the particle at u = u0 (or any value) then it is observed that the particle
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repels away from the domain wall. This result emphasis that the domain walls
have repulsive gravitational fields as had been anticipated by Vilenkin (1981). We
should notice that the shape of the figure dose not change when we alter the values
of (v0 and u0).

3. CONCLUSION

Thick domain walls are solutions of the coupled Einstein–scalar field equa-
tions with Kinklike scalar field distribution and vanishing energy momentum
tensor far away from the center of the wave. Exact solution of the equation of
motion of a test particle near a thick domain walls is given. We showed that when
the particle is released at an initial distance u0 away from the domain wall then the
particle is repelled away which proves that the gravitational field of the domain
wall has a repulsive properties.
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